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AlJstract- A general three-dimensional failure criterion for plain concrete is proposed. The criterion
has been formulated in terms of three normalized stress invariants and includes material parameters
which may be obtained from experimental data. It has been shown that simple failure criteria such
as the von Mises model, the Drucker-Prager model and the Bresler-Pister model are special cases
of that proposed. The application of the criterion has been demonstrated by comparison with
available experimental results. From the results of this comparison it can be seen that the criterion
may be applied throughout the stress range from tensile stress to high compressive stress.

INTRODUCTION

There are many examples in the design of concrete structures when a satisfactory
explanation of the ultimate strength behaviour can only be achieved if the concrete is
considered to be subjected to a three-dimensional stress state.

In recent years a great deal of work has been undertaken, the results of which have
been used to propose different failure criteria for concrete[I-14]. Reviews of this work
have been presented by ChenE15], Wastiels[16] and Argyris et al.[17].

The advent of the use of digital computers for structural analysis has enabled the
complex nature of concrete to be represented by numerical models[9-11, 14]. In particular,
the five parameter model suggested by Willam and Warnke[10], which is applicable to
the triaxial stress state, appears to be the most general model for concrete. This model
involves all stress invariants and has a non-circular section in the deviatoric plane, which
changes from nearly triangular to nearly circular, with increasing hydrostatic pressure.

A general three-dimensional failure criterion for concrete is proposed in this paper. A
particular feature of the formulation is that the eight material parameters are obtained
explicitly from data for maximum loads at various stress ratios. The criterion may be
considered to be an alternative formulation to those which have been proposed previ­
ously[9-11,14]. It may be used as an ultimate strength surface, when the concrete is
treated as an elastic-fracture material, or as a yield surface in the case of elastic-perfectly
plastic material.

FAILURE CRITERION

The proposed criterion for failure in concrete is expressed in terms of functions of the
stress invariants iim , i and 9 as

R =~ = {3/[3 - 4(1 - n2)sin2 9]P/2
'1
i ln =­
i.

i l = (at + b1iim + Clii~)112 - dl
i. = (a. + beiim+ C.ii~)112 - de
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in which
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is the normalized mean normal stress

is the normalized deviatoric stress magnitude, and

where () is the angle of similarity.
The invariants in eqns (2) are the normalized first invariant of the stress tensor

the normalized second invariant of the stress deviator tensor

J2 = [(iiI - ii2 )2 + (ii 2 - ii3)2 + (a3 - iid2]/6

= [(iix - iiy)2 + (ii). - ii:)2 + (ii: - iix)2J/6 + i;y + i;: + i;x

and the normalized third invariant of the stress deviator tensor

iix - iim i xy i x:

= i yx a - iim i y:y

i:x i:y ii: - am

(2)

(3)

In eqns (3) a1> ii2, ii3; iix' iiy, (J:, i xy , i y: and i:x are normalized stress components given
by

(4)

in which f~ is the uniaxial compressive strength of the concrete, 0'1' 0'2' 0'3 are the first,
second and third principle stresses, respectively, and O'x' 0'" O'z' t xy , t,Zl t zx are components
of the stress tensor.

In eqns (1) at, bll Cll dll a., b., Co and d. are experimentally obtained material parameters.
The failure surface obtained from eqns (1) is shown in three-dimensional stress space

in Fig. 1. It can be conveniently described by its cross-sectional axis ii j =a2 = 63 , with
am constant and its meridians in the meridional planes, which contain the hydrostatic axis,
with econstant.

If concrete is in a stress state such that

(5)

i.e. a hydrostatic stress state with a tensile stress superimposed in one direction, then
substitution of eqn (5) into eqns (2) results in e= O. Thus the tensile meridian is given by

[f]e=o = 'I' (6)
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Fig. I. Proposed three-dimensional failure surface.

For concrete in a state of stress such that
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(7)

i.e. a hydrostatic stress state with a compressive stress superimposed in one direction.
9 = 1C/3. the compressive meridian is given by

[f]e=1l/3 = f e • (8)

Equations (6) and (8) are the geometric representations of f l and f e• respectively.
For the case when um is a constant then f l = ft(um) is a constant and eqns (1) present

the cross-section of the failure surface (failure curve) in a deviatoric plane. Since both f t

and n are functions of the mean normal stress. the failure curve changes along the
hydrostatic axis both in shape and dimension. For n = 1/2

f = fJcos ()

and the cross-section is triangular. For n = 1

and the cross-section is circular. The cross-sections of the proposed failure criterion are
shown in Fig. 2.

It can be shown that for 1/2 ~ n ~ 1

which implies that the failure curves are convex. The proof of this convexity is given in
the Appendix.

DETERMINATION OF THE MATERIAL PARAMETERS

The eight material parameters a" bIt CI • d" ae• be. Ce and de in the failure criterion
given by eqns (1) can be determined from experiments in which concrete specimens are
subjected to the following stress states:
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Fig. 2. Cross-sections of the proposed failure criterion.

(a) Uniaxial compressive strength f~

(am = -1/3';= = J(2/3), () = rr/3).

(b) Uniaxial tensile strength f: in terms of compressive strength

f; =f;lf~

(am = !:13, r = J(2/3)!;, () = 0).

(c) The equal biaxial compressive strength f~c' in terms of compressive strength
.r~c = .r~cl.r ~

(am = - ~!~c, r = J(2/3)!~c' () = 0)'
(d) The triaxial compressive experimental data on the tensile meridian

(el The triaxial compressive experimental data on the compressive meridian

(f) The two meridians must pass through a common apex a~o' This requirement
reduces the number of independent material parameters from eight to seven. Failure must
coincide with the maximum tensile criterion for the tensile stress region given by



for which
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(g) For surface convexity, the ratio fJf. must not exceed one half. This requirement
is satisfied by

Thus, there are sufficient equations for the determination of the seven independent
parameters. The solution of these simultaneous equations yields

b { :7- I' J' (-'2 4)(2) -'J' 1'2) --(-'1= - 6J b.( b. - I) ami + "3 "3'1 1- I -'1'1

- J(~)J;)(4J~~ + 8J~.J; - 91?)}I{91;(a~ + ~J(~)fJ; -I?)

(-' I' )(2)_,) 17'2 ,7' J' 17'2 }
- ami + 1 - "3" (4.1 b. + 8) b. • - 9). )

C1 = {61~.(1~. -I.') + 91;bl}/{4J~~ + 81~.J; - 91?}

dl = -(1: + bl + ~J;CI)IJ6
and

{(1+ 3J: + 6)(~})(a;;. -I? -4kfJ:)

- (a~. +J: + 2kf~)G - 3J? - 12J(~)k]':)}

(9)

in which

If the assumption is made such that

_ lim fJf. = 1
crm~ - QO

(11)
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and k has the same value as that in eqns (10).
The tensile meridian given by

(lOa)

(12)

is a quadratic curve in the tensile meridian plane and to be consistent with experimental
evidence it must not intersect the hydrostatic axis for high compressive stresses. For this
reason the condition

has to be satisfied. In this case, the tensile meridian is hyperbolic and it is convex for all
am values.

The proposed failure criterion may be reduced to earlier and simpler material failure
models. The Rankine maximum tensile stress model, the von Mises model and the Drucker­
Prager model are all special cases of the proposed criterion. For instance, when the
parameters in eqns (1) are specified as

31"2 bl = -3!:,
3

d, = 0a, = 2 I , C, = 2'

and (14)

l]"2 be = -12!:, Ce = 6, de = 0ae = 6 , ,

the failure criterion becomes the maximum tensile model.
For the case when the parameters are specified as

and

the failure criterion becomes the von Mises model.
Finally, when the parameters are specified by

(15)

(16)
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Fig. 3. Comparison of proposed criterion with experimental data.
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and

the failure criterion becomes the Drucker-Prager model[21]

(17)

where IX and k' are constants.
The criterion may also be reduced to represent other material failure models. For

example, when the equation

17'(-'2' 4)(2)_'J' J'2) (_. J' )(2)_,) 17"2 ,'l" J' 917'2 09) 1 O'ml +3 3'1 1- 1 - O'ml + 1- 3'1 (4" be + 8) be I - 'J 1)=

is satisfied and

the failure criterion becomes the Bresler-Pister model[18]

where a, band c are all experimentally determined material parameters.

EXPERIMENTAL VERIFICATION

Figure 3 shows a comparison between meridians of the proposed failure surface (for
fJ ::::: 0 and 1t/3) and the experimental data reported by Balmer[19], Richart et al.[20],
Launay and Gachon[5], Mills and Zimmerman[3] and Chinn and Zimmerman[l]. The
meridians are estimated by using eqns (9) and (lOa) with parameters J; ::::: OJ, J;" = 1.15,
a:n, = 4 and ,; = 4. The corresponding stress state on the compressive meridian is
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Fig. 4. Comparison of proposed criterion with the experimental results of Launay and Gachon.
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Fig. 5. Comparison of proposed criterion with the experimental results of Kupfer et al.

if me = 4 and r~ = 4.92.
For verification of the failure curves in the deviatoric planes, a comparison with the

experimental data reported by Launay and Gachon[5] is shown in Fig. 4. For this case
the parameters are specified as J; = 0.1, J~e = 1.8, if~l = 2, r; = 2.3, if~e = 2 and
r~ = 3.15.

The ability of the proposed failure criterion to predict the experimental biaxial results
obtained by Kupfer et al. is shown in Fig. 5. The proposed failure curve has been obtained
using the same parameters as those of Fig. 3.

CONCLUSIONS

A general, three-dimensional failure criterion for plain concrete is proposed and its
applications to predict available experimental data has been demonstrated. The criterion
has been developed as an alternative model to those proposed previously and in particular
to the models proposed by Willam and Warnke[lO]. These latter and the proposed model
may be applied to the same type of problem.

The criterion includes the following features, which correspond to experimentally
observed behaviour:

(a) It depends upon all stress invariants in the form of F(iim , r, 8).
(b) The meridians are hyperbolic and are convex everywhere.
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(c) It has gradually changing cross-sections in the deviatoric planes from triangular
at the apex of the failure surface, to circular at very high compressive stress state with
increasing hydrostatic pressure. The cross-sections are convex everywhere.

(d) The failure surface is smooth with continuous derivative except on the compressive
meridian, e= n/3. The fact that corners exist in the proposed formulation causes certain
practical difficulties during incremental elastic-plastic analysis but these can, however, be
overcome[22].

(e) The failure surface intersects the hydrostatic axis only at the apex.
(f) It coincides with the maximum tensile criterion for the tensile stress region.
(g) The maximum tensile, the von Mises, the Drucker-Prager and the Bresler-Pister

models are all special cases of the proposed criterion.
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APPENDIX: CONVEXITY OF THE FUNCTION R = rlf. = {3/[3 - 4(1 - n2)sin20]}112

Since

R2 =3/[3 - 4(1 - n2)sin2 0]

2R~~ = ~(1 - n2)R4 sin20
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and
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Since 1/2 ~ n ~ I, 0 ~ (I - n2) ~ 3/4 and noting R ~ I/cosO then

~(l - n2)R{~(l - n2)R 2 sin 2 20 + COS20J

[
Sin220 Ji

~ --2- + cos20 !COs 2 0
4cos 0

= cos 2 O/cos 2 0

=1

Thus

and therefore, the failure surface given by

is convex everywhere for 1/2 < n < 1.


